Integer Linear Program

P
Input: Ac R™", be R™, c € R",

Output: x € F minimizing (c, x) where F = {x € Z"|Ax < b}
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Bounded Integer Linear Program

P:
Input: Ac R™" beR™ ceR",/eZ" ueclZ" | <u.

Output: x € F minimizing (c, x) where
F={xeZ"|Ax < b, Vi:l; <x < u}
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Relaxed Program

pP*.
Input: Ac R™" beR™ ceR",/eZ" ueclZ" | <u.

Output: x € F* minimizing (c, x) where
F*={x e R"Ax < b, Vi: i <x; < u;}
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Branch and Bound for ILP

ILPSolve( ILPinstance P )
P* := Relax(P); Run simplex algorithm on P*;
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Branch and Bound for ILP

ILPSolve( ILPinstance P )
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible
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Branch and Bound for ILP

ILPSolve( ILPinstance P )
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible then return (null, oo);
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Branch and Bound for ILP

ILPSolve( ILPinstance P )
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible then return (null, oo);
(x*, A*) := Optimal solution/value to P*;
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Branch and Bound for ILP

ILPSolve( ILPinstance P )
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible then return (null, oo);
(x*, A*) := Optimal solution/value to P*;
if x* 2"
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Branch and Bound for ILP

ILPSolve( ILPinstance P )
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible then return (null, oo);
(x*, A*) := Optimal solution/value to P*;
if x* € Z" then return (x*, \*);
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Branch and Bound for ILP

ILPSolve( ILPinstance P )
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible then return (null, oo);
(x*, A*) := Optimal solution/value to P*;
if x* € Z" then return (x*, \*);

Pick i so that x" € Z
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Branch and Bound for ILP

ILPSolve( ILPinstance P )
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible then return (null, oo);
(x*, A*) := Optimal solution/value to P*;
if x* € Z" then return (x*, \*);

Pick i so that x" € Z
(x', A1) := ILPSolve( P[u; + |x7]] )

1

(x", A7) := ILPSolve( P[l; <+ [x}]] )
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Branch and Bound for ILP

ILPSolve( ILPinstance P )
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible then return (null, oo);
(x*, A*) := Optimal solution/value to P*;
if x* € Z" then return (x*, \*);

Pick i so that x" € Z

(x', ) := ILPSolve( P[uj + [xF ] )
(x", A7) := ILPSolve( P[l; <+ [x}]] )
if \' < \" then return (x/,\) else return (x", \")
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Branch and Bound for ILP

ILPSolve( ILPinstance P )
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible then return (null, oo);
(x*, A*) := Optimal solution/value to P*;
if x* € Z" then return (x*, \*);

Pick i so that x" € Z

(x', ) := ILPSolve( P[uj + [xF ] )
(x", A7) := ILPSolve( P[l; <+ [x}]] )
if \' < \" then return (x/,\) else return (x", \")
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Branch and Bound for ILP

ILPSolve( ILPinstance P, Real currentbest)
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible then return (null, oo);
(x*, A*) := Optimal solution/value to P*;
if x* € Z" then return (x*, \*);

Pick i so that x" € Z

(x', ) := ILPSolve( P[uj + [xF ] )
(x", A7) := ILPSolve( P[l; <+ [x}]] )
if \' < \" then return (x/,\) else return (x", \")
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Branch and Bound for ILP

ILPSolve( ILPinstance P, Real currentbest)
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible then return (null, co);
(x*, A*) := Optimal solution/value to P*;
if x* € Z" then return (x*, \*);
if \* > currentbest then return (null, c0);
Pick i so that x" € Z
(x!, A1) == ILPSolve( P[u; « |x]] )
(x", A7) := ILPSolve( P[l; <+ [x}]] )
if \' < \" then return (x/,\) else return (x", \")
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Branch and Bound for ILP

ILPSolve( ILPinstance P, Real currentbest)
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible then return (null, co);
(x*, A*) := Optimal solution/value to P*;
if x* € Z" then return (x*, \*);
if \* > currentbest then return (null, c0);
Pick i so that x" € Z
(x!, A1) := ILPSolve( P[u; + |x}|], currentbest)

(x", A7) := ILPSolve( P[l; <+ [x}]] )
if \' < A" then return (x/, \) else return (x", \")
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Branch and Bound for ILP

ILPSolve( ILPinstance P, Real currentbest)
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible then return (null, co);
(x*, A*) := Optimal solution/value to P*;
if x* € Z" then return (x*, \*);
if \* > currentbest then return (null, c0);
Pick i so that x" € Z
(x!, A1) := ILPSolve( P[u; + |x}|], currentbest)
if A < currentbest then currentbest := \';
(x", A7) := ILPSolve( P[l; <+ [x}]] )
if \' < \" then return (x/,\) else return (x", \")

Peter Bro Miltersen (U. Aarhus) Optimization, Lecture 10 March 5, 2010



Branch and Bound for ILP

ILPSolve( ILPinstance P, Real currentbest)
P* := Relax(P); Run simplex algorithm on P*;
if P* is infeasible then return (null, co);
(x*, A*) := Optimal solution/value to P*;
if x* € Z" then return (x*, \*);
if \* > currentbest then return (null, c0);
Pick i so that x" € Z
(x!, A1) := ILPSolve( P[u; + |x}|], currentbest)
if A < currentbest then currentbest := \';
(x", A") := ILPSolve( P[l; < [x]] , currentbest )
if \' < \" then return (x/,\) else return (x", \")
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Termination

If uj = I; for all i we terminate immediately.

If we do not terminate, then in each recursive call, either one /; has
increased or one u; has decreased.

Since u;, I; are integers, we terminate.
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Complexity

Unit of time = One run of pseudocode (except recursive calls)
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Complexity

Unit of time = One run of pseudocode (except recursive calls)

We can show by induction: T < N7, (u; — i +1).
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Complexity

Unit of time = One run of pseudocode (except recursive calls)
We can show by induction: T < N7, (u; — i +1).
In practice, it can be hoped that many subcalls finish early.

However, all known algorithms for solving integer linear programs are worst
case exponential time.
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Non-depth first Branch and Bound

Instead of letting the recursion stack represent the branch and bound tree,
we can make it an explicit data structure

This allows us to do best first search: Choose the expand the subproblem
with the lowest relaxed solution value.

Hope: This also contains very good valid solutions which will allow the
currentbest value to decrease significantly.
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activeset := {root}

currentbest := oo;

while activeset is not empty do
choose a branching node, node k € activeset
remove node k from activeset;

generate the subproblems of node k, child i, i=1,..., ng,
and the corresponding relaxed optimal values z;;
fori=1,...,ndo

if z; > currentbest then kill child i;

else if child i optimal solution is integral then
currentbest := z;

else add child i/ to activeset
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Branch and Bound in a general context (beyond MILP)

Ingredients:

@ Relaxation method. Expands space of feasible solution. Relaxed
instance must be efficiently solvable.
@ Search space division.

e The optimal solution of the relaxed problem can not be feasible in any
of the relaxed subproblems (it should be “killed")

o Any non-relaxed feasible solution should be feasible in one of the
subproblems.
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Given a weighted complete graph G = (V,w), V ={0,...,n— 1},
w:V xV —RT, w(i,j)= w(j,i), find the lightest Hamiltonian path in
graph, i.e., find a permutation 7 of V minimizing

n—1

> w(n(i), m((i + 1) mod n)).

i=0
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Relaxation

Let V/=Vand w:V x V' = R" w'(u,v) = w(u,v).

If = a TSP tour, {(7(i),7(i + 1) mod n)} is a perfect matching between
V and V/

The weight of the perfect matching is the length of the tour.

March 5, 2010 11 /15
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Relaxation

Let V/=Vand w:V x V' = R" w'(u,v) = w(u,v).

If = a TSP tour, {(7(i),7(i + 1) mod n)} is a perfect matching between
V and V/

The weight of the perfect matching is the length of the tour.

A minimum weight perfect matching can be found efficiently using min
cost flow.
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The minimum weight perfect matching corresponds to a cycle cover of F.

If this is not a TSP tour, it has a cycle of length < n.

Branch on which edge of the cycle to not include in the tour (put their
weights to oo in subproblems).
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Alternative relaxation

Given a TSP tour, by removing the two edges adjacent to node 1, we get
a spanning tree of V — {1}.

The weight of the spanning tree 4+ weight of removed edges is the length
of the tour.
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Alternative relaxation

Given a TSP tour, by removing the two edges adjacent to node 1, we get
a spanning tree of V — {1}.

The weight of the spanning tree 4+ weight of removed edges is the length
of the tour.

Def 1-tree = spanning tree on {2,3,..., n}+ two edges out of 1.

The minimum weight 1-tree can be found efficiently.
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If the optimal relaxed solution (the minimum weight 1-tree) is not a cycle,
it must have a node v of degree > 3.

Branch on not including each edge adjacent to v in the tour (put their
weights to infinity).
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Only one lower bound to be obtained using 1-tree on original weights.

Peter Bro Miltersen (U. Aarhus) Optimization, Lecture 10 March 5, 2010 15 /15



Only one lower bound to be obtained using 1-tree on original weights.

Given values o,/ € V, add o; + o to wj;.
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Only one lower bound to be obtained using 1-tree on original weights.
Given values o,/ € V, add o; + o to wj;.

Any TSP tour increases with the amount 2 ) «; so optimal tour remains
the same.
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Only one lower bound to be obtained using 1-tree on original weights.
Given values o,/ € V, add o; + o to wj;.

Any TSP tour increases with the amount 2 ) «; so optimal tour remains
the same.

Value of optimal 1-tree may change. Thus, we can try to optimize the
choice of (). The best value can be found efficiently (Held and Karp)
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